
I. INTRODUCTION

The study of Non-Contraction mapping conserning the
existence of fixed point draws attention of various authors
in non linear analysis dealing with the study of Non -
expansive mapping and the existence of fixed points.

It is well known that the differential and integral
equations that arise in the physical problems are generally
non linear, therefore the fixed point methods specially "
Banach contraction Principle provides a powerful tool for
obtaining the solution of their equations which were very
difficult to solve by any other methods.

It is also true that some qualitative properties of the
solution of related equations are proved by functional
analysis approach. Many authers have presented valuable
results with non contraction mapping in Banach space.

II. PRELIMINARY

Before starting main result we write some definitions.

Definition 1: (Topological space) It is a set X together
with  (a collection of subsets of X) satisfying the following
axioms

(i) The non empty set  and set X are in .

(ii)  is closed under arbitrary union.

(iii)  is closed under finite intersection.

The collection  is called a topology on X.

Example 1 (a): X = {1, 2, 3, 4}and collection  ={ {},
{1, 2, 3, 4} } of only the subsets of X required by axioms
form a topology, the trivial topology.

Example (b): X = {1, 2, 3, 4}and collection 
={ {}, {2}, {1, 2}, {1, 2, 3}, {1, 2, 3, 4} }of six subsets of X
form another  topology.

Definition 2: (Banach space) A Banach space (X, ||.||)
is a normed vector space such that X is complete under the
metric induced by the norm ||.||.

Example 2 (a): The set of continuous functions on
closed interval of real line with the  norm  ||.|| of function f
given by

|| || sup | ( ) |
x X

f f x




is a Banach space, where sup denotes the supremum.

Definition 3: ( Normed linear space) let ||.|| denotes a
function from a linear space X into R that satisfies the
following axioms

(i) ,|| || 0,|| || 0 iff 0x X x x x    

(ii) , ,|| || || || || ||x y X x y x y    

(iii) , ,|| || | ||| ||x X R x x     

||x|| is called the norm of x and (X, ||..||) is called a Normed
linear space.
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Example 3 (a): 1,|| . || , , || || max | |nn n
i iR p x R x x     

Example 3 (b):  1/

1 1
,|| . || , { : , | | },|| || | |

p
p p

p p ii
l p l x x R x x x

 


          

Definition 4: A sequence {x
n
} in a normed space is said to be a Cauchy sequence if ||x

n
 � x

m
||  0, as ,m n   i.e.

given  > 0, there exist an integer N such that ||x
n
 � x

m
|| < , for all m, n > N.for all m, n > N..
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III. MAIN RESULT

Theorem 1:

Let F be a mapping of Banach space x into itselt.  If F satisfies the following conditions:

F2 = I, where I is the identity mapping

 2
x F(x) y F(y) x F(y) x y y F(x) x F(x)

F(x) F(y) á
x F(x) y F(y) x y

â x F(x) y F(y) ã x F(y) y F(x) ä x y

           
      

                    

For every , ,x y X  where 0 < , , ,  < 1 and 6 + 4 + 3 +  < 2 then, F has a fixed point, if (2 + ) < 1 then
F has a unique fixed point.

Proof:

Suppose x is a fixed point of X, taking

1
( ) ,   ( )  and  2

2
y F I x z F y u y z    

We have 2( ) ( ) ( ) ( )z x F y F x F y FF x    

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2
( ) ( ) ( ) ( )

y F y F x FF x y FF x y F x F x F y y F y

y F y F x FF x y F x

 
       

   
         

( ) ( ) ( ) ( ) ( ) ( ) ( )y F y F x FF x y FF x F x F y y F x                      

( ) ( ) ( ) ( ) ( ) ( )

2
( ) ( ) ( )

y F y F x x y x y F x F x F y y F y

y F y F x x y F x

 
       

   
         

( ) ( ) ( ) ( ) ( )y F y F x x y x F x F y y F x                     

1 1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2 2
2

( )

y F y F x x F x x F x x F x x y F y

y F y x y

        
   

        

( ) ( ) ( ) ( ) ( )y F y F x x y x F x y y F y y F x                        

1 1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2 2
2

( )

y F y F x x F x x F x x F x x y F y

F y x

        
   

      

1
( ) ( ) ( ) ( ) ( )

2
y F y F x x y x F x y y F y y F x                       
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1 1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2 2
21 ( )

2

1 1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2 2

y F y F x x F x x F x x F x x y F y

F x x

y F y F x x F x x F x x y F y x F x

 
       
  
 

      
                       

1
2 ( ) ( ) ( ) ( ) ( ) ( ) ( )

2
y F y y F y y F y F x x F x x y F y x F x                               

  1
3 ( ) ( )

2
y F y F x x

               

Therefore   1
3 ( ) ( )

2
z x y F y F x x

                

Also 2u x y z x     ( ) ( )F x F y 

 
( ) ( ) ( ) ( ) ( )

2
( ) ( )

x F x y F y x F y x y y F x x F x

x F x y F y x y

           
      

( ) ( ) ( ) ( )x F x y F y x F y y F x x y                     

 

1 1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2 2
2

( ) ( )

x F x y F y x F x x F x x F x x F x

F x F y

        
   

 
  

1 1 1
( ) ( ) ( ) ( ) ( )

2 2 2
x F x y F y x F x x F x x F x

                    

1 1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2 2
21

( )
2

x F x y F y x F x x F x x F x x F x

x F x

 
       
    
   

 
 

1
( ) ( ) ( ) ( )

2
x F x y F y x F x x F x                    

  1
2 ( ) ( )

2
y F y x F x

              

Now

z u z x x u    
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   1 1
3 ( ) ( ) 2 ( ) ( )

2 2
y F y F x x y F y x F x

                                

   5 2 ( ) 2 2 ( )y F y x F x              

 Also ( ) 2 2 ( )z u F y y z F y y     

   2 ( ) 5 2 ( ) 2 2 ( )F y y y F y x F x                


5 1 1 1

( ) ( ) ( )
2 2 2 2

F y y y F y x F x
                      


2 2( ) ( )

5
1

2 2

y f y x F x

       
         

 ( ) ( )y f y q x F x    where 2 2 1
5

1
2 2

q

 
  

 


  

Since 6 4 3 2      

On taking
1

( ) for every  
2

G F I x X  

12( ) ( ) ( ) ( )
2

x G x G y y F I y yG
 

      
 

1
( )

2
y F y  ( )q x F x 

By definition of q we claim that {Gn(x)} is a cauchy sequence in X.  Therefore by the property of compactness.
{Gn(x)} converges to some element 

0
 in X.

0lim ( )n

n
G x


 

 G(
0
) = 

0

 F(
0
) = 

0

i.e. 
0
 is a fixed point of F.

For uniqueness if possible let 0 0( )y x be another fixed point of F then

( ) ( )0 00 0F Fy yx x  

 
( ) ( ) ( ) ( ) ( )

2
( ) ( )

xo F xo yo F yo xo F yo xo yo yo F xo xo F xo

xo F xo yo F yo xo yo

        
       



0 0 0 0 0 0 0 0 0 0( ) ( ) ( ) ( )x F x y F y x F y y F x x y                      

0 0 0 0 0 0 0 0( ) ( ) ( )y F y x F y y F x x y                     
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0 0 0 0 0 0( ) ( )x F y y F x x y              

0 0 0 0 0 0x y y x x y               0 0(2 ) x y       

Since (2 + ) < 1, therefore ||x
0
 = y

0
|| = 0

 x
0
 = y

0

This completes the proof.

Now we prove the following theorem which generalize the theorem 1.

Let K be closed and convex subset of a Banach space X.  Let F : K  K, G : K  K satisfy the conditions :

F and G commutes                                                                                                       ... (1)

F2 = I and G2 = I, where I is denotes the identity mapping.                                                          ... (2)

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

2
( ) ( ) ( ) ( ) ( ) ( )

G x F x G y F y G x F y

G x G y G y F x G x F x
F x F y

G x F x G y F y G x G y

    
 

        
     

  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )G x F x G y F y G x F y G y F x G x G y                             ... (3)

For every , ,0 , , ,x y X     with 6 + 4 + 3 +  < 2 then there exit atleast one fixed point x
0
X such that F(x

0
) =

G(x
0
) = x

0
.  Further if (2 + ) < 1 then x is the unique fixed point of F and G.

Proof:

From (1) and (2) it follows that (FG)2 = I and (2) and (3) implies

2 2 2 2 2 2

2 2 2 2 2 2
2 2

2 2 2 2 2 2

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2
( ) ( ) ( ) ( ) ( ) ( )

GG x FG x GG y FG y GG x FG y

GG x GG y GG y FG x GG x FG x
FGG x FGG y FG x FG y

GG x FG x GG y FG y GG x GG y
 
 
 
 
  

   
 
           
     
 
  

2 2 2 2 2 2 2 2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )GG x FG x GG y FG y GG x FG y GG y FG x GG x GG y                 

( ) . ( ) ( ) . ( ) ( ) . ( )

( ) ( ) ( ) . ( ) ( ) . ( )

2
( ) . ( ) ( ) . ( ) ( ) ( )

G x FG G x G y FG G y G x FG G y

G x G y G y FG G x G x FG G x

G x FG G x G y FG G y G x G y 
 
 
  

    
 
       

     
  

( ) . ( ) ( ) . ( ) ( ) . ( ) ( ) . ( ) ( ) ( )G x FG G x G y FG G y G x FG G y G y FG G x G x G y                  

Now we put G(x) = z and G(y) = w then we get
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( ) ( ) ( )

( ) ( )
( ) ( )

2
( ) ( )

( ) ( ) ( ) ( )

z FG z w FG w z FG w

z w w FG z z FG z
FG z FG w

z FG z w FG w z w

z FG z w FG w z FG w w FG z z w

    
 
       
        

  
                  

We have (FG)2 = I and so by theorem 1, FG has atleast one fixed point say x
0
 in K.

i.e. F(x
0
) = x

0
... (4)

and so F(FG)x
0
 = F(x

0
)

G(x
0
) = F(x

0
) ... (5)

Now

2( ) ( ) ( ) ( ) ( )0 0 0 0 0 0F F F FFx x x x x xF    

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0
2

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0

G F GF FF G FFx x x x x x

G GF GF F G Fx x x x x x

G F GF FF G GFx x x x x x

   
 

    
  

        
 



( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0 0 0

( ) ( )0 0

G F GF FF G FF GF Fx x x x x x x x

G GFx x

              
 

 

0 0 0 0 0 0

0 0 0 0 0 0
2

0 0 0 0 0 0

( ) ( ) ( ) ( ) ( )0 0 0 0 0 0 0 0 0 0

G( ) F( ) G( )x x x x x x

G( ) F( ) G( ) F( )x x x x x xá
G( ) F( ) G( )x x x x x x

G F G F Gx x x x x x x x x x

   
 
    

  
      
 
 
                 

 

0 0 0 0 0 0

0 0 0 0 0 0
2

0 0 0 0 0 0

( ) ( ) ( ) ( ) ( )0 0 0 0 0 0 0 0 0 0

F( ) F( ) F( )x x x x x x

F( ) F( ) F( ) F( )x x x x x xá
F( ) F( ) F( )x x x x x x

F F F F Fx x x x x x x x x x

   
 
    

  
      
 
 
                 

(2 ) ( )0 0F x x   
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Since (2 + ) < 1 it follows that F(x
0
) = x

0

i.e. x
0
 is fixed point of F, but F(x

0
) = G(x

0
) therefore we have G(x

0
) = x

0

i.e. x
0
 is common fixed point of F and G

Now we shall prove that x
0
 is unique common fixed point of F and G.  If possible, let y

0
 be another fixed point of F

and G.

Now from (1), (2), (3), (4) and (5), we have

0 0
2 2 ( ) ( )0 00 0( ) ( ) FF FFy y yx x xF F    

 

( ) ( ) ( ) ( ) ( ) ( )0 0 00 0 0

( ) ( ) ( ) ( ) ( ) ( )0 0 0 00 0
2

( ) ( ) ( ) ( ) ( ) ( )0 0 00 0 0

GF FF GF FF GF FFy y yx x x

GF GF GF FF GF FFy yx x x x

GF FF GF FF GF FFy y yx x x

   
 
    
  
      
 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 00 0 0 0 0GF FF GF FF GF FF GF FF GF GFy y y y yx x x x x                 

0 0 0 0 0 0 00 0 0 0 0

0 0 00 0 0

0 0 0 0 00 0 0 0 0

2

y y y y yx x x x x x x

y y yx x x

y y y y yx x x x x

 
       

  
            

                          

 (2 ) 0 0ã ä yx  

Therefore ||x
0
 � y

0
|| < (2 + )||x

0
 � y

0
||

Since (2 + ) < 1, it follows that x
0
 = y

0
, proving the uniqueness of x

0
.  The proof of the theorem 2 is completed.

Now we prove the following theorem which generalize theorem 1 and 2.

Theorem 3:

Let F, G and H be three mapping of Banach space X into itself such that:

FG = GF, GH = HG and FH � HF ... (1)

F2 = I, G2 = I, H2 = I ... (2)

where I is the identity mapping.

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

2
( ) ( ) ( ) ( ) ( ) ( )

GH x F x GH y F y GH x F y

GH x GH y GH y F x GH x F x
F x F y

GH x F x GH y F y GH x GH y

    
 

        
     

  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )GH x F x GH y F y GH x F y GH y F x GH x GH y                                         ... (3)

For every ,x y X and 0 , , , 1      such that 6 4 3 2       then, F, G and H have atleast one fixed point.

Further if (2 ) 1,    then x
0
 is the unique fixed point of F, G and H.

Proof:

From (1) and (2) it follows that (FGH)2 = I, where I is identity mapping.
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From (2) and (3) we have

. ( ) . ( )FGH G x FGH G y

2 2 2( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )

2 2 2 2( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )

2
2 2 2 2( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )

G x FGHG x G y FGHG y G x FGHG yGH GH GH

G x G y G y FGHG x G x FGHG xGH GH GH GH

G x FGHG x G y FGHG y G x G yGH GH GH GH

    
 
    
  
          
   

2 2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )

2 2( ) ( )( ) ( )

G x FGHG x G y FGHG y G x FGHG y G y FGHG xGH GH GH GH

G x G yGH GH

                 

    

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
. ( ) . ( )

2
( ) ( ) ( ) ( ) ( ) ( )

G x FGHG x G y FGHG y G x FGHG y

G x G y G y FGHG x G x FGHG x
FGH G x FGH G y

G x FGHG x G y FGHG y G x G y

    
 
        
        
  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )G x FGHG x G y FGHG y G x FGHG y G y FGHG x G x G y                      

If we put G(x) = z and G(y) = w, we get

( ) ( ) ( )

( ) ( )
.( ) .( )

2
( )) ( )

z FGH z w FGH w z FGH w

z w w FGH z z FGH z
FGH z FGH w

z FGH z w FGH w z w

    
 
        
        
  

) ( )) ( ) ( ) ( )z FGH z w FGH w z FGH w w FGH z z w                     

If we put FGH = N, we get

( ) ( ) ( ) ( ) ( )
( ) ( )

2
( ) ( )

z N z w N w z N w z w w N z z N z
N z N w

z N z w N w z w

            
         

( ) ( ) ( ) ( )z N z w N w z N w w N z z w                      

Let
1

( )
2

w N I z 

N(w) = s and t = 2w � s ... (4)

Now by (4) we have

2( ) ( ) ( ) ( ) ( )s z N w z N w z N w NN zN      
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2
( ) ( ) ( ) ( )

w N w N z NN z w NN z w N z N z N w w N w

w N w N z NN z w N z

           
      

( ) ( ) ( ) ( ) ( ) ( ) ( )w N w N z NN z w NN z N z N w w N z                     

 
( ) ( ) ) ( ) ( ) ( ) ( )

2
( ) ( ) ( )

w N w N z z w z w N z N z N w w N w

w N w N z z w N z

           
      

( ) ( ) ( ) ( ) ( )w N w N z z w z N z w w N w w N z                        

 

   

 

1
( ) ( ) )

2

1 1
( ) ( ) ( ) ( )

2 2
2

( )

w N w N z z N I z z

N I z N z N z N N I z w N w

w N w w z

     
 
 
      
  
    
 
 
   

   

 

1 1
( ) ( ) ( ) ( )

2 2

1
( )

2

w N w N z z N I z z N z N I z w N w

N I z N z

 
                

 

 
   

 

 

1 1 1
( ) ( ) ( ) ) ( ) ) ( ) ) ( )

2 2 2
2

( )

w N w N z z N z z N z z N z z w N w

N w z

        
   

 
  

1 1
( ) ( ) ( ) ) ( ) ) ( )

2 2

1
( ) )

2

w N w N z z N z z N z z w N w

N z z

                 

    

1 1 1
( ) ( ) ( ) ) ( ) ) ( ) ) ( )

2 2 2
2

1
( ( )
2

w N w N z z N z z N z z N z z w N w

N N I z z

 
        

   
   
 

 
 

1
( ) ( ) ( ) ) ( ) ( ) )

2
w N w N z z N z z w N w N z z
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1 1 1
( ) ( ) ( ) ) ( ) ) ( ) ) ( )

2 2 2
21

( ) )
2

w N w N z z N z z N z z N z z w N w

N z z

 
       
    
   

 
 

1
( ) ( ) ( ) ) ( ) ( ) )

2
w N w N z z N z z w N w N z z

                      

1
2 ( ) ( ) ( ) ( ) ( ) ( ) ( )

2
w N w w N w w N w N z z N z z w N w N z z                           

(3 ) ( ) ( ) ( )
2

w N w N z z


         

Therefore,

(3 ) ( ) ( ) ( )
2

s z w N w N z z


            

Now
1

t-z 2 2( ( ) ( ) ( ) ( ) ( )
2

w s z N I z s z N z z s z N z s N z N w              

 
( ) ( ) ( ) ( ) ( )

2
( ) ( )

z N z w N w z N w z w w N z z N z

z N z w N w z w

           
      

( ) ( ) ( ) ( )z N z w N w z N w w N z z w                 

 

1
( ) ( ) ( ( ) )

2

1 1
( ( ) ( ( ) ( ) ( )
2 2

2
( ) ( )

z N z w N w z N N I z

z N I z N I z N z z N z

N z N w

 
    

 
 
      
  
  
 
 
   

1 1 1
( ) ( ) ( ( ) ( ) ( ) ( )

2 2 2
z N z w N w z N N I z N I z N z z N I z
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1 1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2 2
2

1
( )

2

z N z w N w z N z z N z z N z z N z

z N z

 
        

   
  
 

 
 

1 1 1
( ) ( ) ( ) ( ) ( )

2 2 2
z N z w N w z N z z N z z N z

                  

1
2 ( ) ( ) ( ) ( ) ( ) ( )

2
w N w z N z w N w z N z z N z z N z                      

1
(2 ) ( ) ( ) ( )

2
w N w z N z            ... (6)

Now s t s z z t    

Therefore from (5) and (6) we write

(3 ) ( ) ( ) ( )
2

1
(2 ) ( ) ( ) ( )

2
(5 2 ) ( ) ( 2 2 ) ( )

s t w N w N z z

w N w z N z

w N w z N z


          

           

              

... (7)

Also, - ( ) (2 ) ( ) - 2 ( ) 2 ( )s t N w w s N w w N w N w w      

Putting all these values in in equality (7) we get,

2 ( ) 5 2 ) ( ) ( 2 2 ) ( )N w w w N w z N z               


5 1 1

( ) ( ) ( ) ( ) ( )
2 2 2 2

N w w w N w z N z


            

 ( ) ( )N w w q z N z  

where,

1 1

2 2 1
5

1
2 2

q
    

 


   

Since 5 +4 +3 + <2   

On taking
1

( )
2

G N I   then for any z X

1 12( ) ( ) ( ) ( ) ( ) ( )
2 2 2

q
z G z G w w N I w w N w w z N zG          

By definition of q we claim that {Gn(x)} is a Cauchy sequence in X. By compactness, {Gn(x)} converges to some
element x

0
 in X.
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i.e. 0 0lim ( )n

n
G x x




= >> G(x
0
) = x

0

Hence N(x
0
) = x

0

or FGH(x
0
) = x

0
 because N = FGH ... (8)

And so GH(FGH)(x
0
) = GH(x)

or F(x
0
) = GH(x

0
) ... (9)

Also H(FGH)(x
0
) = (x

0
)

FG(x
0
) = H(x

0
) ... (10)

Now using (1), (2), (3) and (8), (9) and (10) we have

0 0 0 0 0
2( ) ( ) ( ) ( ) ( ( ))0H FG FG F Fx x x x x xF    

 

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

2
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

GHG FG GHF FF GHG FFx x x x x x

GHG GHF GHF FG GHG FGx x x x x x

GHG FG GHF FF GHG GHFx x x x x x

GHG FG GHF FF GHG FFx x x x x x

    
 

       
     

  

           0 0

0 0

( ) ( )

( ) ( )

GHF FGx x

GHG GHFx x

   

    

 

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

( ) ( ) ( )

( ) ( ) ( ) ( )

2
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

H H Hx x x x x x

H H H Hx x x x x x

H H Hx x x x x x

H H H H Hx x x x x x x x x x

    
 
       

     
  

                  

(2 ) ( )0 0H x x    

Hence ( ) (2 ) ( )0 0 0 0H Hx x x x     

Since (2 ) 1,    it follows that H(x
0
) = x

0
 i.e. x

0
 is the fixed point of H.

Thus we have from (9), G(x
0
) = F(x

0
)

Again 2( ) ( ) ( ) ( ) ( )0 0 0 0 0 0F F F FFx x x x x xF    

 2

( ) ( ) ( ) ( ) ( ) ( )x x x x x x0 0 0 0 0 0

( ) ( ) ( ) ( ) ( ) ( )x x x x x x0 0 0 0 0 01

( ) ( ) ( ) ( ) ( ) ( )x x x x x x0 0 0 0 0 0

GH F GHF FF GH FF

GH GHF GHF F GH F

GH F GH FF GH GHF

   
 

    
   

     
 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0 0 0

( ) ( )0 0

GH F GHF FF GH FF GHF Fx x x x x x x x

GH GHFx x
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 2

( ) ( ) ( )x x x x x x0 0 0 0 0 0

( ) ( ) ( ) ( )x x x x x x0 0 0 0 0 0

( ) ( ) ( )x x x x x x0 0 0 0 0 0

F F F

F F F F

F F F

   
 

    
  
     
 
 

( ) ( ) ( ) ( ) ( )x x x x x x x x x x0 0 0 0 0 0 0 0 0 0F F F F F                     

(2 ) ( )0 0F x x    

( ) (2 ) ( )0 0 0 0F Fx x x x     

which is contradiction, since (2 + ) < 1.  Hence it follows that:

F(x
0
) = x

0

But F(x
0
) = G(x

0
)

Therefore F(x
0
) = G(x

0
) = x

0

i.e. x
0
 is the common fixed point of F, G and H. Now to conform the uniqueness of x

0
, let y

0
 be another common

fixed point of F, G and H using (1), (2), (3) and (8), (9), (10) we get,

2 2
0 0 0 00 0 0 0( ) ( ) ( ) ( ) ( ( )) ( ( ))FF FF F F F Fy y y yx x x xF F      

 

0 0 00 0 0

0 0 0 00 0
2

0 0 00 0 0

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

GHF FF GHF FF GHF FFy y yx x x

GHF GHF GHF FF GHF FFy yx x x x

GHF FF GHF FF GHF GHFy y yx x x

   
 

    
   

     
 
  

0 0 0 00 0 0 0

0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

GHF FF GHF FF GHF FF GHF FFy y y yx x x x

GHF GHF yx

              

   

 

0 0 00 0 0

0 0 0 00 0
2

0 0 00 0 0

y y yx x x

y yx x x x

y y yx x x

   
 

    
   

     
 
  

0 0 0 0 00 0 0 0 0y y y y yx x x x x                        0 02 yx      

Therefore  0 00 02y yx x     

which is contradiction, since (2 + ) < 1.

Hence it follows that x
0
 = y

0
, proving the uniqueness of x

0
.

This completes the proof of the theorem 3.
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